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Abstract. We show that Bogoliubov excited scalar and tensor modes do not alle-
viate Planckian evolution during inflation if one assumes that r and the Bogoliubov
coefficients are approximately scale invariant. We constrain the excitation parameter
for the scalar fluctuations, β, and tensor perturbations, β˜, by requiring that there be
at least three decades of scale invariance in the scalar and tensor power spectrum. For
the scalar fluctuations this is motivated by the observed nearly scale invariant scalar
power spectrum. For the tensor fluctuations this assumption may be shown to be valid
or invalid by future experiments.
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1 Introduction
The recent measurement by BICEP2 of the primordial B-mode polarization [1] in-
dicate that naively the inflaton field traverses Planckian field values during inflation
according to the Lyth bound [2]. There have been attempts to alter the expression
for the tensor-to-scalar ratio in a way such that this conclusion no longer holds [3–11].
In particular, there have been investigations into whether excited spectator fields or
modified scalar/tensor mode functions may appreciably alleviate the need for Planck-
ian evolution.
Any loop correction to the scalar and/or tensor power spectrum will be suppressed
by powers of the Planck mass and therefore are not promising for generating an appre-
ciable effect in general. Additionally, any loop corrections to the scalar power spectrum
must be small so as not to disrupt the agreement between standard inflationary the-
ory and the observed scalar power spectrum. Therefore, rather than relying on loop
corrections one promising avenue for generating an appreciable modification to the
tensor-to-scalar ratio is through modifications of the fluctuation mode functions. We
will show that for scale invariant Bogoliubov parameters1, excited Bogoliubov states
do not appreciably alleviate the need for Planckian evolution.
We will denote the reduced Planck mass by M2P = (8 pi GN)
−1 and physical mo-
menta by p = (k/a). For simplicity we will assume that the tensor-to-scalar ratio r is
approximately scale independent over the three to four decades of the observed scalar
power spectrum, this assumption may be shown to be invalid by future experiments.
1There have previously been investigations into the consequences of one particular form of tensor
excitation scale dependence [12, 13]. These studies use different arguments than are presented here.
Also, see [14] for a discussion on the relationship between trans-Planckian physics and excited initial
states.
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2 Case A: Vacuum R and Vacuum γ
We begin by reviewing the standard derivation of the Lyth Bound. The scalar and
tensor fluctuations may be expanded in classical mode functions as follows [15]
Rˆ =
∫
d3k
(2pi)3
Rˆk ei~k·~x, γˆij =
∫
d3k
(2pi)3
Σ
s=±
sk,ij γˆ
s
~k
ei
~k·~x, (2.1)
Rˆ~k = Rk aˆ†~k +R
∗
k aˆ−~k, γˆ
s
~k
= γsk bˆ
s†
~k
+ γ∗sk bˆ
s
−~k, (2.2)
[aˆk, aˆ
†
k′ ] = (2 pi)
3δ3
(
~k − ~k′
)
, [bˆsk, bˆ
s′†
k′ ] = (2 pi)
3δ3
(
~k − ~k′
)
δs,s
′
. (2.3)
Here we have introduced the polarization tensor sk,ij such that
2 sk,ij
s′
k,ij = 2 δ
ss′ , sk,ii =
0 and ki sk,ij = 0. There are two possible helicity values for s. The second order actions,
classical evolution equations and corresponding mode functions for the fluctuations are
given by
SR = −M2P 
∫
d4x
√−g¯ g¯µν ∂µRˆ ∂νRˆ, Sγ = −M
2
P
8
∫
d4x
√−g¯ g¯µν ∂µγˆij ∂ν γˆij,
(2.4)
R¨k + 3 H R˙k + k
2
a2
Rk = 0, γ¨sk + 3 H γ˙sk +
k2
a2
γsk = 0, (2.5)
Rk,A = 1√
2 
H
MP
√
2 k3
(
1 + i
k
a H
)
e−ik/aH , γsk,A =
√
2
H
MP
√
2 k3
(
1 + i
k
a H
)
e−ik/aH .
(2.6)
Here g¯ denotes the background value of the metric. We have introduced the slow roll
parameter  which, after introducing the number of e-folds dN = H dt, we will define
as
 =
1
2
φ˙2
M2P H
2
=
1
2 M2P
(
dφ
dN
)2
. (2.7)
The corresponding late time power spectra are given by [17]
〈Rˆk Rˆk′〉 = (2 pi)3 δ3
(
~k + ~k′
)
PR, 4〈γˆsk γˆsk′〉 = (2 pi)3 δ3
(
~k + ~k′
)
Pγ, (2.8)
∆2R =
k3
2pi2
PR =
1
8pi2
H2
M2P
, ∆2γ =
k3
2pi2
Pγ =
2
pi2
H2
M2P
. (2.9)
The tensor-to-scalar ratio is given by
rA =
∆2γ
∆2R
= 16 . (2.10)
2For a graviton moving in the zˆ direction we find Λijlm(kˆ) ≡ Σ
s
sk,ij
s
k,lm = δilδjm + δimδjl −
δijδlm + δij kˆlkˆm + δlmkˆikˆj − δilkˆj kˆm − δimkˆj kˆl − δjlkˆikˆm − δjmkˆikˆl + kˆikˆj kˆlkˆm. The normalization
is chosen so that Λ1111(k) = 1 since the non-zero polarization tensor elements are given by 
s=±
k,11 =
−s=±k,22 = ∓is=±k,12 = ∓is=±k,21 = 1√2 . By noting that Λijij(kˆ) = 4 one may immediately verify that
sk,ij
s′
k,lm = 2 δ
ss′ since in that case Λijij(kˆ) =
1
2ΛijlmΛijlm [16].
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The Lyth bound in terms of the usual Planck mass is given by combining (2.7) and
(2.10) (
∆φ
MP
)
A
=
∫ N
0
dN ′
√
2  =
1√
8
∫ N
0
dN ′
√
r. (2.11)
Using rA = 0.2 [1] we find that over the range of say ∆N = 6.9 (1 < l < 10
3) e-folds,
the inflaton field evolves by 1.09 MP . Therefore even within the timespan that the
modes comprising the CMB exited the horizon, the background inflaton field evolves
on Planckian scales.
3 Case B: Excited R and Excited γ
Now we allow for an excited mode functions that are of the form of a Bogoliubov
transformation
Rk,B = αk Rk,A + βk R∗k,A, γsk,B = α˜sk γsk,A + β˜sk γs∗k,A = α˜k γsk,A + β˜k γs∗k,A. (3.1)
We will assume for simplicity that α˜sk and β˜
s
k are the same for both polarizations. The
new power spectra are given by
∆2R =
k3
2pi2
PR =
1
8pi2
H2
M2P
|αk + βk|2, ∆2γ =
k3
2pi2
Pγ =
2
pi2
H2
M2P
|α˜k + β˜k|2. (3.2)
The new tensor-to-scalar ratio is given by
rB = 16 
|α˜k + β˜k|2
|αk + βk|2 . (3.3)
Combining (2.11) and (3.3) we obtain the new Lyth bound(
∆φ
MP
)
B
=
1√
8
∫ N
0
dN ′
√
rA
|αk + βk|
|α˜k + β˜k|
≈ |α + β||α˜ + β˜|
(
∆φ
MP
)
A
. (3.4)
In the last equality we assumed that αk and βk are approximately constant over the
range of integration due to the observed nearly scale invariant scalar power spectrum3.
We additionally have assumed that the tensor excitation parameters are scale invariant
as well. We will discuss this in greater detail in the next section and show that
0.98 . |α+ β| . 1.02 and 0.98 . |α˜+ β˜|−1 . 1.02, therefore Planckian field evolution
is still present in this case. Specifically, for the case of three decades of scale invariant
power spectra we find
0.96 . |α + β||α˜ + β˜| . 1.04 (3.5)
Therefore exciting the tensor and/or scalar modes in an approximately scale indepen-
dent manner will not allow one to alleviate Planckian evolution.
3Note that this conclusion holds even if one reconstructs the power spectrum from Planck mea-
surements alone [18] or the combination of Planck and BICEP2 measurements [19]
– 3 –
3.1 Constraints on |β|
This section summarizes some of the results from [20, 21]. The modes comprising the
cosmic microwave background lay between some low energy and high energy cutoff.
pIR < pobs < pUV . (3.6)
We observe between three and four decades (10n) of scale invariant power spectrum
modes in the cosmic microwave background. In order for the modes observed today
to exit horizon during inflation, the low momentum modes must be inside the horizon
when CMB modes first begin leaving the horizon, pIR > H. In order not to disrupt
slow-roll inflation, the high energy momentum modes must obey the backreaction
bound, namely the fluctuation energy density should be less than the background
energy density, 〈ρR〉  H2M2P . Moreover, in order to not disrupt the rate of change of
the Hubble parameter we require that 〈ρR〉  H2M2P .4 Combining these constraints
allows us to write
10n =
pUV
pIR
 pBack-Reaction
H
. (3.7)
The energy density of scalar fluctuations is given by
〈ρR〉 = M2P 
∫ kUV
0
d3k
(2pi)3
[
|R˙k,B|2 − |R˙k,A|2 +
(
k
a
)2 (|Rk,B|2 − |Rk,A|2)]
=
|β|2
8pi2
[
p4UV +O
(
H2p2UV
)]
.
(3.8)
We have assumed that |βk| ≈ |β| is approximately scale invariant over the modes of
interest. This is justified by the scale invariance of the scalar power spectrum. For
other models found in the literature, such as an exponential dependence [22, 23], the
exponential is nearly constant and nearly unity for the observed modes as discussed in
[20]. The back-reaction constraint therefore implies
pBack-Reaction = (8 pi
2 )1/4
√
H MP
|β| . (3.9)
Substituting (3.9) into (3.7) and solving for |β| we find
|β| < 10−2 n(8 pi2 )1/2
(
MP
H
)
= 10−2n
(
∆2R
)−1/2 |α + β|. (3.10)
Note that the scalar power spectrum (3.2) has an observed amplitude of ∆2R ≈ 2×10−9
[24]. Combining this with (3.3) we obtain
|β| . 2|α + β| ×
{
10−2 , n = 3
10−4 , n = 4
. (3.11)
Using |α+ β| ≤ |α|+ |β| = |β|+√1 + |β|2 we find that even in the conservative limit
|β| . 0.02. Since |α| ≈ 1 for this small a |β|, we find that 0.98 . |α + β| . 1.02.
4This follows from  H2 = −H˙ and the Einstein equation (2M2P )H˙ = −(ρ + P ), where PR,γ =
ρR,γ/3. The form of the action given in (2.4) requires that −H˙/H2 = φ˙2/2M2PH2, which is only true
if this constraint is satisfied.
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3.2 Constraints on |β˜|
The argument presented here is nearly identical to that used in section (3.1). The
energy density of the tensor fluctuations is given by [25]
〈ργ〉 = Σ
s=±
2 M2P
8
∫ kUV
0
d3k
(2pi)3
[
|γ˙sk,B|2 − |γ˙sk,A|2 +
(
k
a
)2 (|γsk,B|2 − |γsk,A|2)
]
=
|β˜|2
4 pi2
[
p4UV +O
(
H2p2UV
)]
.
(3.12)
We have assumed that the Bogoliubov coefficients are approximately scale independent
for the tensor modes, or at least are as scale independent as the scalar coefficients were
in the previous case. This is a simplifying assumption that observations may either
justify by finding an approximately scale invariant tensor spectrum or invalidate by
finding the contrary.
The analog of (3.10) for the tensor case is (taking n=3)
|β˜| < (2 pi) 10−2 n√
(
MP
H
)
= 10−2 n
|α + β|
(2 ∆2R)1/2
. 0.02. (3.13)
Finally noting that |α˜|2 = 1 + |β˜|2 we find 0.98 . |α˜ + β˜|−1 . 1.02.
4 Conclusions
We have shown that modifying the scalar and/or tensor fluctuation mode functions to
have a non-zero Bogoliubov excitation parameter does not allow one to escape having
Planckian field evolution according to the Lyth bound if one assumes at least three
decades of scale independence for the tensor-to-scalar ratio (r) and the Bogoliubov
excitation parameters (β, β˜). Further measurements may show that the scale depen-
dence in the tensor spectrum is stronger than in the scalar spectrum implying the scale
dependence of β˜ is non-negligible. An interesting direction for future studies would
be to find out what degree of scale dependence is necessary to prevent the presence
of Planckian field evolution and finding what physical mechanism generates such scale
dependence.
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